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ON THE SPACES OF NORLUND NULL AND NORLUND CONVERGENT
SEQUENCES

ORHAN TUG!, FEYZI BASAR?

ABSTRACT. In this article, the sequence spaces co(N*) and c¢(N?) are introduced as the domain
of Norlund mean N* in the spaces ¢y and ¢ of null and convergent sequences which are isomorphic
to the spaces co and ¢, respectively, and some inclusion relations are given. Additionally,
Schauder basis for the spaces co(NY) and c¢(N?') are constructed and their alpha-, beta- and
gamma-duals are computed. Finally, the classes (c(N?) : £oo), (c(N?) : ¢) and (¢(N?) : co) of
matrix transformations are characterized.
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1. INTRODUCTION

We denote the space of all complex valued sequences by w. Each vector subspace of w is
called as a sequence space, as well. The spaces of all bounded, convergent and null sequences are
denoted by /., ¢ and ¢y, respectively. By ¢, we mean the space of all finitely non-zero sequences.
A sequence space p is called an F'K-space if it is a complete linear metric space with continuous
coordinates py, : p — C with p,(z) = x,, for all z = (x,) € p and every n € N, where C denotes
the complex field and N = {0,1,2,...}. A normed FK-spaces is called a BK-space, that is,
a BK-space is a Banach space with continuous coordinates, [13, pp. 272-273]. The sequence
spaces (o, ¢ and ¢y are BK-spaces with the usual sup-norm defined by ||z |loc = supsen |2x|. By
l1, €y, cs, csg and bs, we denote the spaces of all absolutely convergent, p-absolutely convergent,
convergent, convergent to zero and bounded series, respectively; where 1 < p < co.

The alpha-dual A%, beta-dual A? and gamma-dual A7 of a sequence space X are defined by

A = {r = () Ew oy = (zpy) €4 for all y = (yx) € A},
Noo= {z = (z) €Ew:zy = (xpyr) € cs for all y= (yx) € A},
A= Az = (xp) Ew:xy = (zryr) € bs for all y= (yr) € A}.

Let A, 11 be any two sequence spaces and A = (a,j) be an infinite matrix of complex numbers
ank, where k,n € N. Then, we say that A defines a matriz transformation from A into pu and we
denote it by writing A : A\ — p, if for every sequence x = (xj) € A the sequence Azx = {(Ax),},
the A-transform of z, is in u; where

(A.Z‘)n = Zankxk (1)
k
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provided the series on the right side of (1) converges for each n € N. For simplicity in notation,
here and in what follows, the summation without limits runs from 0 to co. By (A : ), we denote
the class of all matrices A such that A: A — pu. Thus, A € (A: u) if and only if Ax exists, i.e.
A, € M for all n € N and belongs to u for all z € A, where A,, denotes the sequence in the n-th
row of A.

If a normed sequence space A contains a sequence (b,) with the following property that for
every x € A there is a unique sequence of scalars («,,) such that

lim ||z — (apby + a1by + -+ + anby)|| =0
n—oo

then (by,) is called a Schauder basis for A\. The series ), aby which has the sum z is then called
the expansion of x with respect to (b,) and written as x = >, aby.

If \is an FK-space, » C \ and (e¥) is a basis for A then X is said to have AK property,
where €F is a sequence whose only term in k" place is 1 the others are zero for each k£ € N and
¢ = span{e’}. If ¢ is dense in A, then X is called AD-space, thus AK implies AD.

Let (t;) be a nonnegative real sequence with to > 0 and T,, = Y, tx for all n € N. Then,
the Norlund mean with respect to the sequence ¢ = (t)) is defined by the matrix N* = (a! ) as

follows

tn—k
0<k<n
t Ty, ’ = = 1t )
Ok { 0 , k>n 2)

for every k,n € N. It is known that the Norlund matrix Nt is regular if and only if t,,/T,, — 0,
as n — oo ([18], Theorem 16, p. 64), and is reduced in the case t = e = (1,1,1,...) to the
matrix C of arithmetic mean. Additionally, for ¢, = A7~! for all n € N, the method N is
reduced to the Cesaro method C, of order r > —1, where

n! ’

1 , n=0.
Let to = Dy = 1 and define D,, for n € {1,2,3,...} by
t1 1 0 o --- 0
to t1 1 0 0
t3 to t1 1 - 0
th—1 tn—2 th-3 tp—a - 1
tn th—1 th-2 th—3 -+ t1

Then, the inverse matrix U = (ul,) of Norlund matrix N* was defined by Mears in [27] for all
n € N, as follows;

(4)

Additionally, the inverse of Norlund matrix and some multiplication theorems for Norlund mean
were studied by Mears [26, 27].
The domain A4 of an infinite matrix A in a sequence space A is defined by

M ={r=(2) ew: Ar € \}

g CUTDuT  0<k<n,
n 0 , k>n.

which is a sequence space. The domain of Nérlund matrix N in the classical sequence spaces
l+ and ¢, were introduced by Wang [31], where 1 < p < co. We should note here that as a new
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development, the reader may refer to [14] for studying on sequence spaces and related topics in
the sense of multiplicative calculus.

The rest of this paper is organized, as follows:

In section 2, we introduce the sequence spaces co(N?) and ¢(N?), and give their some algebraic
and topological properties. Section 3 is devoted to the determination of the alpha-, beta- and
gamma-duals of the spaces co(N') and ¢(N*?). In Section 4, the classes (¢(N?) : £s), (¢(N?) : ¢)
and (c(N?) : ¢p) of matrix transformations are characterized and the characterizations of some
other classes are also derived as an application of those main results. In the final section of the
paper, we note the significance of the present results in the literature related with the domain
of certain triangle matrices on the spaces ¢y and ¢, and record some further suggestions.

2. THE SEQUENCE SPACES ¢y(N?) AND ¢(N') OF NON-ABSOLUTE TYPE

We introduce the sequence spaces co(N') and ¢(N') as the set of all sequences whose N*-
transforms are in the spaces of null and convergent sequences, respectively, that is

1 n
co(NY) = {:C = () Ew: nh_)rgo o Ztn—kﬂfk = O} ,
n

k=0
1 n
c(NY) = {x = (z) €w:3l € C such that lim — Ztn,kwk = l} .
n—oo T}, Pt
We define the sequence y = (yi) by the N'-transform of a sequence z = (xy), that is,
1 k
yr = (N'x)), = T Ztk—jﬂﬁj (5)
7=0
for all k € N. Therefore, by applying U to the sequence y defined by (5) we obtain that
k .
v = (U = > (-1 I Dy Tyy; (6)
j=0

for all k € N. Throughout the text, we suppose that the terms of the sequences x = (x) and
y = (yx) are connected with the relation (5).

Theorem 2.1. The sequence spaces co(N') and c(N*) are the linear spaces with the co-ordinatewise

addition and scalar multiplication which are the BK -spaces with the norm ||z || (nt) = [|Z]lo(nve) =
[N |o.-

Proof. The proof of the first part of the theorem is a routine verification and so, we omit the
detail.

Since cg and ¢ are the BK-spaces with respect to their usual sup-norm and N? is a triangle
matrix, Theorem 4.3.2 of Wilansky [32, p. 61] gives the fact that co(N') and ¢(N?') are the
BK-spaces. This completes the proof. [l

Let A denotes any of the spaces ¢p or ¢. With the notation of (5), since the transformation
T : A(N') — X defined by x +— y = Tx = N'z is a norm preserving linear bijection, we have the
following:

Corollary 2.2. The sequence space \(N?) is linearly norm isomorphic to the space \, where
A € {co, c}.
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Theorem 2.3. Let N be a non-Mercerian matriz, i.e., ¢yt # c. Then, the inclusions co C
co(N?) and ¢ C ¢(N?) strictly hold.

Proof. Suppose that N is a non-Mercerian matrix. To show the inclusion relation ¢y C co(N?)
holds we take any sequence y € cg. Then, by using the regularity property of N we can easily
find that N'y € ¢p which means that y € co(N'). That is to say that the inclusion ¢y C co(N?Y)
holds. In the similar way, it is trivial to see that the inclusion ¢ C ¢(N?) also holds.

To prove the second part of the theorem, we should show that the sets co(N') —cg and ¢(N*?)—c
are not empty. For this, consider the sequence v = (vz) = {(—1)"} which does not belong to
both of the spaces ¢y and c. Since

1 .
lim (C = lim —— -1 =0
Jim (Cro)y kggokJrl;( )
and Cesaro mean Cj of order one is a special case of Nérlund mean, we have v € co(NY).
Additionally, since C1v € ¢o implies Civ € ¢; we also have v € ¢(N*'). Hence, v € [co(N*) — o] N

[¢(N*) — c]. That is to say that the inclusions ¢o C ¢o(N*) and ¢ C ¢(N?) strictly hold. O

It is known from Theorem 2.3 of Jarrah and Malkowsky [19] that the domain Az of an infinite
matrix T = (t,1) in a normed sequence space A has a basis if and only if A has a basis, if T'is a
triangle. As a direct consequence of this fact, we have:

Corollary 2.4. Let ap = (N'z) for all k € N. Define the sequence {u(”)} = {ulgn)}k N in the
€

space co(N*?) by

n _1\n—k _ <k <
(n) {( D" *Dp Ty , 0<Fk<n, @)

Yk T 0 , k>n
for every fized n € N.
a e sequence {u is a basis for the space ¢ and any x € ¢y as a UNique
Th (")} oy is a basis for th N') and N h :
representation of the form x = > 7 cgull.
e set 1e,u s a basis for the sequence space ¢ and any x € ¢ as a UNique
(b) The set {e,ul™} is a basis for the seq pace ¢(N*) and any x € c(N*) h iq
representation of the form x = le + Zzozo(ozk — Duy, where | = limy_, v

3. THE ALPHA-, BETA- AND GAMMA-DUALS OF THE SPACES co(N%) AND ¢(NY)

In this section, the alpha-, beta- and gamma-duals of the spaces co(N?) and ¢(N?) are deter-
mined.

Now, we start with the following lemma which is needed in proving our theorems. Here and
after, we denote the collection of all finite subsets of N by F.

Lemma 3.1. Let A = (ank) be an infinite matriz over the complex field. Then, the following
statements hold:

(a) A€ (co:¥t1)=(c:4y) if and only if

wp 33

KeF kekK

(b) A€ (c:lx) if and only if

< 0. (8)

supz |ank| < oo. (9)

neN L
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(c) A€ (c:c) if and only if (9) holds, and

Jar € C such that lim an, = ag for all k € N, (10)
da € C such that lim Za"k =a. (11)
k
(d) A€ (c:co) if and only if (9) holds, and
lim an, =0 forall k €N, (12)
lim Zank = 0. (13)

Theorem 3.2. The a-dual of the spaces co(N?) and c(N?) is the set

dt—{a—akew Supz <oo}.

KeF %
Proof. Let us define the matrix B = (b!, ) with the aid of a = (aj) € w by

oo (- *D,_xTha, , 0<k<n
nk = 0 , k>n

> (=1)"* Dy Than
keK

for all k,n € N. Since the relation (6) holds, we easily obtain that

n

antn =Y _(=1)" Dy Thanyr = (By)n (14)

k=0
for all n € N. From (14), we conclude that ax = (a,z,) € ¢; whenever x € co(N?) or € ¢(N?) if
and only if By € ¢1 whenever y € ¢y or € ¢. Therefore, we derive by Part (a) of Lemma 3.1 that

sup Z

Z n an elkan,| < 0o
KeF

keK
which leads to the desired result that {co(N*)}* = {c(N*)}* = di. O

Theorem 3.3. Define the set db, as follows;

n

dy = {a=(ap) Ew: supz Z ~1)77%D; 4 Tra;| <
neN " =k

Then, {co(N)YP = {c(N)}P = db Nes.

Proof. Let x = (x1) be in ¢o(N?) or ¢(N'). Now, consider the equality

n—1 n

n
Z ' aj i~k Tkyr + anTnyn = (Ey), for all n €N, (15)
k=0 k=0 j— k

where E' = (e,) is defined by
(17D Tha; , 0<k<n-—1,
enk = an T, , k=n,
0 , k>n
for all k,n € N. Then, we observe by taking into the equality (15) that ax = (arzg) € cs

whenever © = (z1) € c¢(N') if and only if Fy € ¢ whenever y = (y) € c¢. This is equivalent
to the statement that "a = (ax) € {c(N*)}? if and only if E € (c : ¢)”. Therefore, we derive
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from (15) and Part (c) of Lemma 3.1 that the sequence (ay) satisfies the following conditions,

respectively,
n .
supz Z(_l)Jiij—kaaj < 0.
neN k |j=k
(ar) € cs.
This shows that {c(N*)}? = d N cs, as asserted. O

Theorem 3.4. The y-dual of the spaces co(N') and c¢(N?) is the set db.

Proof. This is similar to the proof of Theorem 3.3 with Part (b) of Lemma 3.1 instead of Part
(c) of Lemma 3.1. So, we omit the detail. O

4. MATRIX TRANSFORMATIONS RELATED TO THE SEQUENCE SPACE c¢(N?)

In this section, we characterize some matrix classes from the spaces ¢(NN') into the classical
sequence spaces £, ¢ and cg. Additionally, we characterize the class of matrix transformations
from a given sequence space p to the space c¢(N?).

Throughout this section, we define the matrices F' = (f,x) and G = (gnx) via multiplication
of the matrices A and N? by the products AN? and N*A, respectively, that is

%) - n t_
Jnk = Z(—l)J "D yTyan; and gy == Z s Lajk
j=k j=0 "7
for all k,n € N.
Theorem 4.1. A = (ank) € (¢(N?) : ls) if and only if
A, € {c(NY}Y for each n e N, (16)
Fe(c:l). (17)

Proof. Suppose that A = (ani) € (¢(N?) : ls) and x = (z1) € ¢(N?). Consider the following
equality derived from the m®* partial sum of the series 3 i OnkTk:

m m m )
D anre =Y Y (1) Dy pan; Teyr (18)
k=0

k=0 j=Fk

for all m,n € N. Since Ax exists and belongs to the space f,, the necessity of the condition
(16) is obvious. Therefore, by letting m — oo in the equality (18) one can see that

Z kT = Z Z(_l)jiij—kaanjyk (19)
%

kE =k

for all n € N, i.e., Az = Fy which gives that F'y € {,. That is to say that F' € (¢ : {o).
Conversely, let us suppose that the conditions (16) and (17) hold, and take z = (z) € ¢(N?).
Then, (16) implies the existence of Az and since the spaces ¢(N') and ¢ are isomorphic we have
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y € c. Therefore, (19) gives with (9) with f,; instead of a,; that

[Az[oo = sup Zankﬂﬁk
neN &
e .
< sup Y | (=1 7Dy Thanjui
neN k |j=k
o0 .
< ylloo [sup > 1D (=1) 7D Than| | < oo.
neN I —k
J
Hence, A € (¢(N?) : ls).
This completes the proof. [l

Theorem 4.2. A = (a,x) € (¢(NY) : ¢) if and only if the condition (16) holds, and
Fe(c:c). (20)

Proof. Suppose that the conditions (16) and (20) hold, and take any x = (z3) € ¢(N'). The
condition (16) implies the existence of A-transform of x. Therefore, one can derive by using the
hypothesis (9) with f, instead of a, that

m
Z lag| < supz | frk| < 00
k=0 neN

for all m € N. Hence, (ax) € ¢1 which implies that (axyx) € ¢1. Then, we derive by letting
n — oo on (19) with (9) with f, instead of a,, that

lim (Az), = lim D faktr = arys. (21)
p "

Since (axyx) € l1, (21) gives that Az € c, that is, A € (¢(N?) : ¢).

Conversely, suppose that A = (a,;) € (¢(N?) : ¢) and take z € ¢(N?). Since the inclusion
relation ¢ C £y holds, the necessity of the conditions (16) and (9) with f,,; instead of a,y, follows
from Theorem 4.1.

Now, consider the convergent sequences u = (ug) = {ugl)}keN defined by (7) and x = (z}) =

{Z?:o (=1)k=9Dy,_;T;}. Since A-transforms of u and z exist and belong to the space ¢ by the

hypothesis, one can see that Au = {Z;’ik(—l)j*ij,kaanj} N € cand Az = (3 fuk) ey €
ne
¢ which shows the necessity of the conditions (9) and (11) with f,x instead of a,, respectively.
Hence, F € (c: ¢).
This completes the proof. O

Corollary 4.3. A = (aui) € (¢(NY) : ¢o) if and only if (16) holds and (12) and (13) also hold
with fur instead of ang, respectively.

Now, we can give the theorem characterizing the class of matrix transformations from a given
sequence space j to the Norlund space c¢(N?).

Theorem 4.4. Suppose that i be any given sequence space. Then, A € (u: ¢(N?)) if and only
if Ge(p:c).
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Proof. Let x = (z1) € p. Consider the following equality

Z ;—g Zajk:zk = Zgnkxk for all m,n € N. (22)
j=0 """ k=0 k=0
Then, by letting m — oo in (22) one can see that {N'(Az)}, = (Gz), for all n € N. Since
Ax € ¢(NY), N'(Ax) = Gz € c. This completes the proof. O

Let 0 < r <1, ¢ = (gx) be a sequence of non-negative reals with ¢o > 0 and Q,, = > ;o
for all n € N. Let us define the summation matrix S = (s,), the backward difference matrix
A = (dpk), the Riesz matrix R? = (r!,) with respect to the sequence ¢ = (gx), the matrix
A" = (a],) and the matrix E" = (e}, ) of Euler mean of order r by

o 1, 0<k<n, Do e (- k. n—1<k<n,
Tl 0, k>, nk 0 , <k<n-—1 or k>n,
; & 0<k<n, P By, 0<k<n,
Tk = Apg =
0 , k>n, 0 , k>,

(Z)(l—r)”_krk , 0<k<n,
0 , k>n,

for all k,n € N.

By combining Theorems 4.1, 4.2 and Corollary 4.3 with Theorem 4.4, the following results
are derived on the characterization of some matrix classes concerning with the space ¢(N?) of
Norlund convergent sequences:

Corollary 4.5. Let A = (ani) be an infinite matriz over the complez field. Then, the following
statements hold:

(i) A € (c(N?): bs) if and only if (16) holds and (17) also holds with SF instead of F.

(ii) A € (c¢(NY) : bus) if and only if (16) holds and (17) also holds with AF instead of F;
where bus, denotes the space of all sequences x = (x) such that (vy — xk—1) € loo, (cf.
Bagar and Altay [8]).

(ili) A € (¢(NY) : X&) if and only if (16) holds and (17) also holds with Cy F instead of F;

n

where X denotes the space of all sequences x = (xy) such that <Z n_lek> € U, (cf.

Ng and Lee [28]). B
(iv) A € (e(NY) : r&) if and only if (16) holds and (17) also holds with RIF instead of F;

n

where rd, denotes the space of all sequences © = (xy) such that (E &xk> € loo, (cf.

Altay and Basar [1]).
(v) A € (c(NY) : a%) if and only if (16) holds and (17) also holds with A"F instead of F;

n
where al,, denotes the space of all sequences x = (xy) such that < ﬁf: :ck) € U, (cf.

Aydin and Basar [6]). B
(vi) A € (c(N?Y) : ely) if and only if (16) holds and (17) also holds with E"F instead of F;

o0

n
where el denotes the space of all sequences x = (xy,) such that { S (D@ =r)rrkg b e

lso, (cf. Altay et al. [2]). -
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Corollary 4.6. Let A = (ani) be an infinite matriz over the complez field. Then, the following
statements hold:

(i) A € (¢(N?) : es) if and only if (16) holds and (20) also holds with SF instead of F.

(i) A € (¢(N?) : ¢(A)) if and only if (16) holds and (20) also holds with AF instead of F;
where ¢(A) denotes the space of all sequences v = (xy) such that (xp — xk—1) € ¢, (cf.
Basar [9]).

(iii) A € (¢(N?) : ¢) if and only if (16) holds and (20) also holds with C1F instead of F;
where ¢ denotes the space of all sequences x = (xy) such that i n%rlmk € ¢, (cf.

k=0
Sengoniil and Basar [30]).

(iv) A € (¢(N?) : rd) if and only if (16) holds and (20) also holds with RIF instead of F;
where rd denotes the space of all sequences x = (xy) such that (Z 5’;3:;9> € ¢, (cf.

k=0
Altay and Basar [1]).
(v) A € (¢(NY) : al) if and only if (16) holds and (20) also holds with A"F instead of F;

n
where a. denotes the space of all sequences v = (xy) such that ( Lirt a:k> €c, (ct.

1+n
Aydimn and Basar [5]).
(vi) A€ (c(N?) :el) if and only if (16) holds and (20) also holds with E"F instead of F; where

el. denotes the space of all sequences x = (xy) such that {Z (- r)"_krk:nk} €c,
(cf. Altay and Bagar [4]).

Corollary 4.7. Let A = (anx) be an infinite matriz over the complex field. Then, the following
statements hold:

(i) A € (e¢(N?Y) : esg) if and only if the condition (16) holds and the conditions (11), (12)
and (13) also hold with (SF),i instead of any for all k,n € N, where csy denotes the
space of all series converging to zero.

(ii) A € (c¢(NY) : co(A)) if and only if the condition (16) holds and the conditions (11), (12)
and (13) also hold with (AF ),y instead of any, for all k,n € N; where co(A) denotes the
space of all sequences x = (xy) such that (ry — xp_1) € co, (cf. Basar [9]).

(iii) A € (¢(N?) : ¢) if and only if the condition (16) holds and the conditions (11), (12) and
(18) also hold with (C1F )y instead of any for all k,n € N; where ¢y denotes the space
of all sequences x = (1) such that <i n_lek) € ¢p, (cf. Sengoniil and Bagar [30]).

(iv) A € (e¢(NY) : r) if and only if the condition (16) holds and the conditions (11), (12) and
(13) also hold with (RIF )y, instead of any for all k,n € N; r{ denotes the space of all

sequences © = (x) such that (Z 5’;:%> € ¢p, (cf. Altay and Bagar [1]).
k=0

(v) A€ (c(N?) :ap) if and only if the condition (16) holds and the conditions (11), (12) and
(13) also hold with (A" F ),y instead of any, for all k,n € N; where af, denotes the space

14+n

of all sequences x = (x1) such that Lir" iL'k> € ¢, (cf. Aydin and Bagar [5]).

(vi) A€ (c(N?):el) if and only if the condition (16) holds and the conditions (11), (12) and
(13) also hold with (E"F),y, instead of any for all k,n € N; where ef; denotes the space

of all sequences x = (xy) such that { > (- r)"krkxk} € ¢, (cf. Altay and Bagar

[4]). -
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5. CONCLUSION

In 1978, the domain of Norlund matrix N in the classical sequence spaces o, and ¢, were
introduced by Wang [31], where 1 < p < oo. In 1978, the domain of Cesaro matrix C; of
order one in the classical sequence spaces o, and ¢, were introduced by Ng and Lee [28], where
1 < p < 0. Following Ng and Lee [28], Sengoniil and Bagar [30] have studied the domain of
Cesaro matrix (' of order one in the classical sequence spaces c¢g and c. Following Sengoniil and
Bagar [30], to fill up the gap in the existing literature we have worked on the domain of Nérlund
matrix N? in the classical sequence spaces ¢y and c.

Although the matrix transformations from the domain of certain triangles in the classical
sequence spaces into the classical sequence spaces have been characterized, the matrix transfor-
mations from the domain of Noérlund matrix in the spaces of null and convergent sequences into
some classical sequence spaces have not been characterized, until now. So, Theorems 4.1, 4.2,
4.4 and Corollary 4.3 have a special importance for this type studies, in future.

To review the concerning literature about the domain of the infinite matrix A in the sequence
spaces ¢y and ¢, the following table may be useful:

A A A refer to:
R! co and ¢ rh and rl 1]
4 co and ¢ ¢o and ¢ (30]
A" ¢p and ¢ ap, and al, [5]
E" ¢o and ¢ ep and e, [4]
A ¢p and ¢ co(A) and ¢(A) [20]
A? coand ¢ | cp(A?) and ¢(A?) [17]
uA? | ¢ and ¢ | co(u; A?) and c(u; A?) [25]

A™ co and ¢ | co(A™) and c(A™) [16, 15]
B(r,s) |coandc ¢ and ¢ [21]
R coand ¢ | (N,q)o and (N,q) [23]
A | g and ¢ | co(A™) and ¢(A™) [22]
G(u,v) | coand ¢ | co(u,v) and c(u,v [3]
A co and ¢ cy and ¢ [24]
B(r,s,t) | ¢o and ¢ B(cp) and B(c) [29]
Ay coand ¢ | Ax(co) and Ax(c) [7]
B(r,s) | coand ¢ ¢o and ¢ [11]
A co and ¢ c())‘(é) and c())‘(é) [12]
F ¢p and ¢ co(F) and c(F) [10]

Table 1. The domains of some triangle matrices in the spaces co and c.

ACKNOWLEDGMENT

We would like to thank Dr. Medine Yesilkayagil, Department of Mathematics, Usak Univer-
sity, 1 Eylil Campus, 64200 — Usak, Turkey, for her careful reading and valuable suggestions on
the earlier version of this paper which improved the presentation and readability.

REFERENCES

[1] Altay, B., Basar, F. ,(2006), Some paranormed Riesz sequence spaces of non-absolute type, Southeast Asian
Bull. Math., 30(5), pp.591-608.

[2] Altay, B., Basar, F., Mursaleen, M.,(2006), On the Euler sequence spaces which include the spaces £, and
lso I, Inform. Sci., 176(10), pp.1450-1462.



TWMS J. PURE APPL. MATH., V.7, N.1, 2016

Altay, B., Basar, F.,(2006), Some paranormed sequence spaces of non-absolute type derived by weighted
mean, J. Math. Anal. Appl., 319(2), pp.494-508.

Altay, B., Basar, F., (2005), On some Euler sequence spaces of non-absolute type, Ukrainian Math. J., 57(1),
pp.1-17.

Aydin, C., Basar, F., (2004), On the new sequence spaces which include the spaces ¢o and ¢,Hokkaido Math.
J., 33(2), pp-383-398.

Aydm, C., Bagar, F., (2005), Some new sequence spaces which include the spaces ¢, and ¢, Demonstratio
Math., 38(3), pp.641-656.

Braha, N.L., Bagar, F., (2013), On the domain of the triangle A(\) on the spaces of null, convergent and
bounded sequences, Abstr. Appl. Anal., Article ID 476363, 9p., doi:10.1155/2013/476363.

Bagar, F., Altay, B., (2003), On the space of sequences of p-bounded variation and related matrix mappings,
Ukrainian Math. J., 55(1), pp.136-147.

Bagar, F., (2012), Summability Theory and Its Applications, Bentham Science Publishers, e-books, Mono-
graphs, Istanbul.

Bagarir, M., Bagar, F., Kara, E.E., (2013), On the spaces of Fibonacci difference null and convergent se-
quences, arXiv:1309.0150v1 [math.FA].

Candan, M., (2012), Domain of the double sequential band matrix in the classical sequence spaces, J. Inequal.
Appl., 2012:281, 15p.

Candan, M.,(2014), Domain of the double sequential band matrix in the spaces of convergent and null
sequences, Adv. Difference Equ., 2014:163, 17p.

Choudhary, B., Nanda, S., (1989), Functional Analysis with Applications, John Wiley and Sons Inc. New
Delhi.

Cakmak, A.F., Basgar, F., (2015), Some sequence spaces and matrix transformations in multiplicative sense,
TWMS J. Pure Appl. Math., 6(1), pp.27-37.

Colak, R., Et, M., (1997), On some generalized difference sequence spaces and related matrix transformations,
Hokkaido Math. J., 26(3), pp.483—492.

Et, M., Colak, R., (1995), On some generalized difference sequence spaces, Soochow J. Math., 21(4), pp.377—
386.

Et, M., (1993), On some difference sequence spaces, Turkish J. Math., 17, pp.18-24.

Hardy, G.H., (1956), Divergent Series, Oxford University Press, London.

Jarrah, A.M., Malkowsky, E., (1990), BK spaces, bases and linear operators, Rendiconti Circ. Mat. Palermo
11, 52, pp.177-191.

Kizmaz, H., (1981), On certain sequence spaces, Canad. Math. Bull., 24(2), pp.169-176.

Kiriggi, M., Basar, F., (2010), Some new sequence spaces derived by the domain of generalized difference
matrix, Comput. Math. Appl., 60(5), pp.1299-13009.

Malkowsky, E., Parashar, S.D., (1997), Matrix transformations in space of bounded and convergent difference
sequences of order m, Analysis, 17, pp.87-97.

Malkowsky, E., (1997), Recent results in the theory of matrix transformations in the sequence spaces, Mat.
Vesnik, 49, pp.187-196.

Mursaleen, M., Noman, A.K., (2010), On the spaces of A-convergent and bounded sequences, Thai J. Math.,
8(2), pp.311-329.

Mursaleen, M., (1996), Generalized spaces of difference sequences, J. Math. Anal. Appl., 203(3), pp.738-745.
Mears, F.M., (1935), Some multiplication theorems for the Norlund mean, Bull. Amer. Math. Soc., 41(12),
pp-875-880.

Mears, F.M., (1943), The inverse Noérlund mean, Ann. Math., 44(3), pp.401-409.

Ng, P-N., Lee, P.-Y., (1978), Cesaro sequence spaces of non—absolute type, Comment. Math. Prace Mat.,
20(2), pp.429-433.

Sénmez, A., (2011), Some new sequence spaces derived by the domain of the triple band matrix, Comput.
Math. Appl., 62(2), pp.641-650.

Sengoniil, M., Bagar, F., (2005), Some new Cesaro sequence spaces of non-absolute type which include the
spaces ¢o and ¢, Soochow J. Math., 31(1), pp.107-119.

Wang, C.S., (1978), On Norlund sequence space, Tamkang J. Math., 9, pp.269-274.

Wilansky, A., (1984), Summability through Functional Analysis, North-Holland Mathematics Studies, 85,
Amsterdam-Newyork-Oxford.



0. TUG, F. BASAR: ON THE SPACES OF NORLUND NULL...

Orhan Tug is a member of Department of Math-
ematical Education of Ishik University, Erbil-Iraq
and is an assistant lecturer since 2011 and is the
head of the Department of Mathematics Educa-
tion since 2013. His research area is in summabi-
lity, matrix methods, double and single sequence
spaces, Schauder bases, matrix transformations,
the alpha-, beta- and gamma-duals, ideal con-
vergence and statistical convergence. His spe-
cial interests are functional analysis and applied

summability methods.

Feyzi Basar, for a photograph and biography, see TWMS J. Pure Appl. Math., V.6, N.1, 2015, p.37



